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Abstract
The Newton-Raphson basins of convergence, corresponding to the coplanar libration points (which act as attractors),
are unveiled in the Copenhagen problem, where instead of the Newtonian potential and forces, a quasi-homogeneous
potential created by two primaries is considered. The multivariate version of the Newton-Raphson iterative scheme is
used to reveal the attracting domain associated with the libration points on various type of two-dimensional configuration
planes. The correlations between the basins of convergence and the corresponding required number of iterations are also
presented and discussed in detail. The present numerical analysis reveals that the evolution of the attracting domains
in this dynamical system is very complicated, however, it is a worth studying issue.
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1. Introduction
The few-body problem, especially the restricted three-
body problem, is the most celebrated problem in Celestial
Mechanics. The history of this problem starts since the
epoch of Lagrange and Euler. The restricted problem of
three bodies describes the motion of a body with infinites-
imal mass under the Newtonian gravitational attraction
of two bodies, known as primaries, which move around
their common center of mass in circular orbits under their
mutual Newtonian attraction. In the special case of the so-
called Copenhagen problem, the masses of the primaries
are equal ([17]).
Recently, various extrasolar planetary systems have been
discovered which consist of two major bodies that in some
cases can be presumed to have almost equal masses. There-
fore, the basic configuration of the Copenhagen problem
can have a real application in which the third body may be
considered as a ”Trojan” asteroid, moving in the vicinity
of two main bodies. There are two versions of the Copen-
hagen problem: (i) the original version of the Newtonian
gravitational attraction (e.g., [1]; [14]; [2]; [12, 13]; [16];
[22]) and (ii) the modified version in which the effective po-
tential have been modified by introducing other perturbing
parameters. More precisely, the pseudo-Newtonian planar
restricted three-body problem deals with the modified ver-
sion, where additional general relativistic corrections have
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been included to the effective potential ([24]).
Newton in his famous work Philosophiae Naturalis Prin-
cipia Mathematica considered the quasi-homogeneous po-
tential of the form -
(
a
r +
e
r2
)
, where a, e are real constants,
while the distances between the particles are denoted by
r. In the framework of an inverse-square force law, the
impossibility to explain the Moon’s apsidal was the main
reason to add the term er2 . An improvement in the uni-
versal law of gravity, by adding the corrective term of the
form er2 so as the gravitational potential to fall into a more
general class of potential, always referred as the quasi-
homogeneous potential ([7]).
In a recent paper [9], the numerical aspects of the dynam-
ics of the test particle under the action of a Maxwell-type
N−body problem, by considering the central body as a
spheroidal, were revealed. In the presented system, the
non-sphericity is modeled by taking a corrective term that
coincides with a Manev type potential. Moreover, in [11]
they studied the restricted three-body problem by taking
primaries with equal masses and a quasi-homogeneous po-
tential. The locations of the equilibrium points, the zero-
velocity curves and the evolution of the regions where the
motion of the test particle is allowed, were investigated.
In the present paper, we use the quasi-homogeneous po-
tential to reveal the fractal basins of convergence by using
the multivariate version of the Newton-Raphson iterative
scheme in the Copenhagen problem. By taking the cor-
rection term into consideration, the effective potential be-
comes mono-parametric.
The structure of the present article is as follows: The most
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Figure 1: The Copenhagen problem: the configuration of the prob-
lem with the synodic coordinate system Oxyz and the inertial frame
OXY Z.
important properties of the dynamical model are discussed
in Section 2. The following section contains the parametric
evolution of the libration points and their stability. The
evolution of the Newton-Raphson basins of convergence,
associated with the libration points, are discussed in Sec-
tion 3. The conclusions and all the main results of this
work are presented in Section 4.
2. Description of mathematical model
According to the theory of the classical circular re-
stricted three-body problem ([17]), two bodies P1 and P2,
with masses m1 and m2 respectively, called primaries, move
on circular orbits around their common center of mass.
The third body, also known as test particle, with mass
m moves under the gravitational influence of the two pri-
maries and does not disturb, in any manner, their circular
motion. It is further assumed that the mass of the third
body is significantly smaller in comparison to the masses of
the primaries (m m1,m2). Furthermore, we consider an
inertial coordinate system OXY Z, where the plane OXY
coincides with the plane of the motion of the primaries
P1,2 (see Fig.1).
According to [11], the expression of the time-independent
effective potential in a synodic coordinates system Oxyz
is
Ω(x, y, z) =
1
∆
[ 2∑
i=1
( 1
ri
+
e
r2i
)]
+
1
2
(x2 + y2), (1)
where (x, y, z) are the coordinates of the test particle,
while ri, i = 1, 2 are the distances of the test particle from
the primaries Pi, respectively,
r1 =
√(
x− 1
2
)2
+ y2 + z2, r2 =
√(
x +
1
2
)2
+ y2 + z2.
Moreover, the quantity ∆ is a proper number which de-
pends on all the parameters and the geometrical charac-
teristics of the configuration. In this study, the Copen-
hagen case is considered as a special case where ∆ =
M(Λ + 2eΛ1), with M = 2,Λ = 1, and Λ1 = 1. Since
∆ must be positive, the parameter e must satisfy the con-
dition e > −0.5 (more details on the involved parameters
and their meaning can be found in [11]).
Using the transformation from the inertial to the syn-
odic coordinate system and scaling the physical quantities,
where we have considered the constant angular velocity of
the primaries equal to unity, the equations of motion of
the test particle m in the rotating frame of reference are
x¨− 2y˙ = Ωx, (2a)
y¨ + 2x˙ = Ωy, (2b)
z¨ = Ωz, (2c)
where
Ωx = x− 1
∆
( 2∑
i=1
x− xi
r3i
+ 2e
2∑
i=1
x− xi
r4i
)
, (3a)
Ωy = y − y
∆
( 2∑
i=1
1
r3i
+ 2e
2∑
i=1
1
r4i
)
, (3b)
Ωz = − z
∆
( 2∑
i=1
1
r3i
+ 2e
2∑
i=1
1
r4i
)
, (3c)
while, x1 = −x2 = 12 .
Moreover, the partial derivatives of the second order,
which will be used later for the basins of convergence as-
sociated with the libration points, read as
Ωxx = 1− 1
∆
( 2∑
i=1
1
r3i
+
2∑
i=1
2e
r4i
−
2∑
i=1
3(x− xi)2
r5i
−8e
2∑
i=1
(x− xi)2
r6i
)
, (4a)
Ωyy = 1− 1
∆
( 2∑
i=1
1
r3i
+
2∑
i=1
2e
r4i
−
2∑
i=1
3y2
r5i
− 8e
2∑
i=1
y2
r6i
)
,(4b)
Ωzz = − 1
∆
( 2∑
i=1
1
r3i
+
2∑
i=1
2e
r4i
−
2∑
i=1
3z2
r5i
− 8e
2∑
i=1
z2
r6i
)
,(4c)
Ωxy = Ωyx =
1
∆
( 2∑
i=1
3(x− xi)y
r5i
+
2∑
i=1
8e(x− xi)y
r6i
)
,(4d)
Ωyz = Ωzy =
1
∆
( 2∑
i=1
3yz
r5i
+
2∑
i=1
8eyz
r6i
)
, (4e)
Ωzx = Ωzx =
1
∆
( 2∑
i=1
3(x− xi)z
r5i
+
2∑
i=1
8e(x− xi)z
r6i
)
.(4f)
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The system of the equations (2a,...,2c) admits the well
known Jacobian-type integral of motion which corresponds
to the total orbital energy
J(x, y, z, x˙, y˙, z˙) = 2Ω(x, y, z)− (x˙2 + y˙2 + z˙2) = C, (5)
where x˙, y˙, and z˙ represent the velocities, while the numer-
ical value of the Jacobi constant is represented by C. This
Jacobian constant is conserved and, in the canonical co-
ordinates, the value of Hamiltonian corresponding to the
Jacobian integral is known as the total orbital energy h,
which is related to Jacobian constant by C = −2h.
The coplanar libration points on the configuration (x, y)
plane exist when z = 0, while the out-of-plane libration
points are those points which are located either on the
(x, z) plane (obtained by taking y = 0, x 6= 0) or on the
z−axis. However, we restrict our analysis only to the
coplanar libration points. The position of the libration
points is defined through the intersection of the equations
Ωx = 0,Ωy = 0.
The location as well as the existence of the libration
points strongly depend on the parameter e in the Copen-
hagen restricted three-body problem with a quasi-homogeneous
potential. More precisely:
• when e ∈ (−0.23334,−0.19526) there are seven libration
points: one collinear and six non-collinear libration
points.
• when e ∈ (−0.5,−0.46671) and e ∈ (−0.457853,−0.23334)
there are nine libration points: one or five collinear
and eight or four non-collinear libration points re-
spectively.
• when e ∈ (−0.19526,−0.173395) there are eleven libra-
tion points: five collinear and six non-collinear libra-
tion points.
• when e ∈ (−0.46671,−0.457853) and (−0.173395, 0) there
are thirteen libration points: five or seven collinear
and eight or six non-collinear libration points respec-
tively.
• when e ≥ 0 there are five libration points: three collinear
and two non-collinear libration points.
It is worth studying the exact evolution of the positions of
the libration points as a function of the parameter e, when
e ∈ (−0.5, 0). Figure 2(a) illustrates the parametric evo-
lution of the libration points, on the configuration (x, y)
plane. We observe that as the parameter e decreases (just
below the zero), eight libration points, in two sets of four,
come forth from the centers of the primaries P1,2 (see Fig.
2a, olive colour). The interesting phenomenon occurs for
the parameter e , when two sets of four libration points
existing on (x, y) plane shrink to two single points on the
y−axis (see L8,9 in Fig. 2a ) for e ≈ −0.377 and for further
decreasing value of the parameter e, they start expanding
again (see Fig. 2a, teal colour). Therefore, we may argue
that these sets of the libration points first collide to libra-
tion points L8 and L9 for the critical value of parameter
e ≈ −0.377 and then, again for decreasing values of e they
start originating from L8 and L9 and expand.
In panel: b of Fig. 2 we have depicted the evolution
of stability of all the libration points, when the parame-
ter e ∈ (−0.5, 0). Our numerical computations reveal the
following facts:
• The libration points L8,9 are stable when e ∈ (−0.5,−0.445).
• When e ∈ (−0.444,−0.23334), two more libration
points L3,5 are also stable along with the libration
points L8,9.
• The central libration point L4 along with L8,9 are
stable if e ∈ (−0.23334,−0.23), while only the cen-
tral libration point L4 remains stable if e ∈ (−0.23,−0.19526).
• The libration points L1,7 are stable if e ∈ (−0.19526,
−0.173395), while the libration points L3,5 also be-
come stable when e ∈ (−0.173395, 0). It is further
observed that the libration points L3,5 originating
from the vicinity of the origin, move towards the pri-
maries P1,2 from left and right to the respective pri-
mary, while the libration points L1,7 also approach
from right and left to the primaries P1,2, respectively.
It may be concluded that the stable libration points are
those which lie on either x−axis or y−axis while the rest
of the coplanar libration points (i.e. x 6= 0 , y 6= 0) are
always unstable for all values of the parameter e.
3. Newton-Raphson basins of convergence
To solve the system of non-linear equations numeri-
cally, various iterative methods are available. Over the
years, the Newton-Raphson method has become one of
the most captivated as well as accurate iterative schemes
to solve these type of equations. The associated multivari-
ate iterative scheme is
xn+1 = xn − J−1f(xn), (6)
where f(xn) represents the system of equations, while the
J−1 represents the corresponding inverse Jacobian matrix.
In the present dynamical system, the system of the equa-
tions are:
Ωx(x, y) = 0, (7a)
Ωy(x, y) = 0. (7b)
The multivariate version of the iterative scheme (6) for
each coordinate (x, y), can be decomposed into two for-
mulae as:
xn+1 = xn −
(
ΩxΩyy−ΩyΩxy
ΩyyΩxx−Ω2xy
)
(x,y)=(xn,yn)
, (8a)
yn+1 = yn +
(
ΩxΩyx−ΩyΩxx
ΩyyΩxx−Ω2xy
)
(x,y)=(xn,yn)
, (8b)
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(a) (b)
Figure 2: The parametric evolution of (a-left): the positions and (b-right): the linear stability (green) or instability (rubine red) of the
libration points, Li, i = 1, ..., 13, in the Copenhagen restricted three-body problem with quasi-homogeneous potential, when e ∈ (−0.5, 0).
The arrows indicate the movement direction of the libration points as the value of the parameter e decreases. The big blue dots pinpoint
the fixed positions of the primaries, while the colour code is as follows: olive for e ∈ (−0.173395, 0), green for e ∈ (−0.19526,−0.173395),
crimson for e ∈ (−0.23334,−0.19526), teal for e ∈ (−0.457853,−0.23334), red for e ∈ (−0.46671,−0.457853), blue for e ∈ (−0.5,−0.46671).
The libration points are depicted in the corresponding colour code. (Colour figure online).
where xn and yn are the values of x and y at the n-th step
of the iterative process of the Newton-Raphson method.
Here, the subscripts of Ω(x, y) represent the correspond-
ing partial derivatives of the potential function.
The Newton-Raphson iterative scheme works on the fol-
lowing philosophy: the numerical code is activated with
the given initial condition (x0, y0), on the configuration
plane, while the iterative procedure continues until a li-
bration point is reached, with the predefined coveted ac-
curacy. The iterative scheme converges for the particular
initial condition, if this initial condition leads to one of
the libration points, no matter what its state of stability
is. The sets of all the initial conditions which converge to
the same attractor, compile the attracting domains, also
known as Newton-Raphson basins of convergence.
In dynamical system knowing the exact positions of the
equilibrium points is an issue of paramount importance.
Unfortunately, in many systems, such as those of the N -
body problem (with N ≥ 3), there are no explicit formulae
for the positions of the libration points. Therefore, the lo-
cations of the equilibrium points can be obtained only by
means of numerical methods. In other words, we need
a multivariate iterative scheme for solving the system of
the first order derivatives. It is well known that the re-
sults of any numerical method strongly depend on the ini-
tial conditions (staring points of the iterative procedure).
Indeed, for some initial conditions the iterative formulae
converge quickly, while for other starting points a consid-
erable amount of iterations is required for reaching to a
root (equilibrium point). Fast converging points usually
belong to basins of convergence, while on the other hand
slow converging points are located in fractal regions. On
this basis, the knowledge of the basins of convergence of a
dynamical system is very important because these basins
reveal the optimal (regarding fast convergence) starting
points for which the iterative formulae require the lowest
amount of iterations, for leading to an equilibrium point.
In addition, being aware of the fractal regions we know ex-
actly which points should be avoided as initial conditions
of the iterative formulae.
Over the years, many researchers and scientists have
devoted their efforts to study the Newton-Raphson basins
of convergence in various dynamical models, such as the
restricted three-body problem (e.g., [4], [8], [23], [24], [26],
[20]), the restricted four-body problem (e.g., [25], [18], [19],
[21]), the restricted five-body problem ( e.g., [27]), the
ring-type N-body problem (e.g., [3], [5]), or even the 2+2
body problem (e.g., [6]).
The Newton-Raphson basins of convergence is determined
by using the following algorithm: a double scan of the con-
figuration (x, y) plane is performed after classifying dense
uniform grids of 1024 × 1024 initial conditions (x0, y0).
In the present computation, the predefined accuracy is
set to 10−15 regarding the coordinates of the libration
points, whereas the maximum number of iterations allowed
is Nmax = 500.
4
The following subsections deal with the influence of the pa-
rameter e on the topology of the Newton-Raphson basins
of convergence, associated with the libration points, in the
Copenhagen problem with a quasi-homogeneous potential.
We will consider four cases, corresponding to the total
number of the libration points which act as attractors.
3.1. Case I: when seven libration points exist
Our analysis starts with the first case, that is the case
when e ∈ (−0.23334,−0.19526), where seven libration points
exist: L4 at the center, four on the (x, y) plane and two
on the y−axis. In Fig. 3(a, d, g, j), we present the evo-
lution of the topology of the Newton-Raphson basins of
convergence for four different values the parameter e. It is
observed that the configuration (x, y) plane is covered by
a profusion of well-formed basins of convergence in which
the domain of the basins of convergence associated with
the central libration point L4 extent to infinity while for
all other libration points the domains of convergence are fi-
nite. Moreover, the various local areas such as the vicinity
of the basin boundaries composed by a highly fractal mix-
ture of initial conditions. It is worth mentioning that the
word ”fractal” simply refers to the particular local region
which displays a fractal-like geometry. This fact can be
justified by the following philosophy: for an initial condi-
tion (x0, y0) on the configuration plane it is observed that
its final state is highly sensitive. More precisely, even a
very small change in the initial conditions could result to
a completely different attractor or final state. Therefore, it
is almost impossible to predict from which of the libration
points (attractors) each initial condition will be attracted
by.
We can observe that the extent of the domain of the basins
of the convergence associated with the libration points are
almost unperturbed except their size (see panels: a, d).
We may conclude that there is no significant change in
the geometry of the Newton-Raphson basins of conver-
gence as value of the parameter e decreases. However,
as the value of e decreases, the topology of the attract-
ing domain changes (see panels: g, j). The most notable
change is the appearance of figure-eight shaped tendrils at
the outer parts of the colour coded diagrams. Moreover,
these tendrils increase in size, mainly along the horizon-
tal direction, while on the other hand, the other basins of
convergence are being restricted to the central region of
the colour coded diagram.
In Fig. 3 (b, e, h, k), the distribution of the correspond-
ing number N of iterations requires to obtain the prede-
fined accuracy are illustrated, using tones of blue. It is
observed that the initial conditions located in the fractal
regions are the slowest converging nodes, while the con-
verging rate is relatively fast for all the initial conditions
inside the attracting domains. The following Fig. 3 (c, f, i,
l) depicts the corresponding probability distribution of the
iterations. In all the panels: (c, f, i, l), the histograms in-
clude almost 95% of the corresponding distributions. The
probability P works according to the following philosophy:
if N0 initial conditions (x0, y0) on the configuration plane
converge, after N iterations, to one of the libration points,
then P = N0Nt , where Nt correspond to total number of ini-
tial conditions in every colour coded diagram. Moreover,
the most probable number of iterations is not constant
throughout and it is equal to 6 for panels: (c, f) while for
panels: (i, l) it is 7.
3.2. Case II: when nine libration points exist
We continue our exploration with the case when nine li-
bration points exist, that is in subcase-(i) when e ∈ (−0.5,−0.46671),
there exist one central libration point L4 and two sets of
four libration points, one each on x-axis (L1,2,6,7) and y-
axis (L3,5,8,9), respectively. Moreover, in subcase-(ii) when
e ∈ (−0.457853,−0.23334), there exist one central libra-
tion point L4, four non-collinear libration points (L10,...,13)
on (x, y) plane and four libration points (L3,5,8,9) on y−axis.
The Newton-Raphson basins of attraction for six values of
the parameter e are presented in Fig. 4(a-f), in which the
first three panels correspond to the subcase-(i), while the
last three panels depict the subcase-(ii).
In Fig. 4(a-c), we observe that the topology of the basins
of convergence regions, on the configuration (x, y) plane, is
composed by three patterns: (i) the central circular region,
which is mainly occupied by well-defined basins of conver-
gence associated with the libration points L1 (in yellow),
L7 (in cyan), L3 (in teal) and L5 (in magenta), (ii) the mid-
dle region, where most of the convergence areas is covered
by the shape of wings as well as by the exotic bugs shaped
area and (iii) the exterior region, which corresponds to the
central libration point L4 with infinite extent of the basins
of convergence.
It is observed that the basin boundaries of the middle
region are highly chaotic (more accurately highly fractal)
which leads to the finding that the final state of the asso-
ciated initial points is highly sensitive. Therefore, we may
contend that for the majority of initial conditions in the
middle region, it can not be predicted from which libra-
tion point these initial conditions they attracted by. The
topology of the configuration (x, y) plane changes drasti-
cally with the increase in the value of parameter e.
The most notable changes are as follows:
• The area corresponding to libration points L1,7 on
x−axis and L3,5 on y−axis decreases.
• The extent of the basins of convergence, associated
with the libration points L2,6, which look like exotic
bugs with many legs and antennas, decreases.
• The basins of convergence, associated with the libra-
tion points L2,6 on x−axis and L8,9 on y−axis, in the
central region increase.
In panel-d, it is seen that a strip shaped region in the vicin-
ity of the x−axis is composed by a highly chaotic mixture
of initial condition. Therefore, it is impossible to predict
from which libration point, the initial conditions falling
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(a) (b) (c)
(d) (e) (f)
(g) (h) (i)
(j) (k) (l)
Figure 3: The Newton-Raphson basins of attraction on the (x, y) plane for the case when seven libration points exist for: (a) e = −0.1956;
(d) e = −0.2129; (g) e = −0.2318; (j) e = −0.2329. The color code denoting the attractors is as follows: L4 (green); L8 (purple); L9
(crimson); L10 (teal); L11 (magenta); L12 (orange); L13 (light green) and non-converging points (white). (b, e, h, k: the middle panels)
the corresponding distribution of the number N of required iterations for obtaining the attracting regions, (c, f, i, l: the right panels) the
corresponding probability distributions of required number of iterations for obtaining the Newton-Raphson basins of convergence, shown in
panels-(a, d, g, j) respectively. The vertical, dashed, red line indicates, in each case, the most probable number N∗ of iterations. The black
dots show the position of the libration points. (Color figure online).
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(a) (b)
(c) (d)
(e) (f)
Figure 4: The Newton-Raphson basins of attraction on the xy-plane for the case when nine libration points exist for: (a) e = −0.499; (b)
e = −0.485; (c) e = −0.4757; (d) e = −0.457; (e) e = −0.4; (f) e = −0.275. The color code denoting the attractors is as follows: L1 (yellow);
L2 (Darker blue); L4 (green); L6 (blue); L7 (cyan); L8 (purple); L9 (crimson); L10(teal); L11(magenta) and non-converging points (white).
The black dots show the position of the libration points.
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(a) (b)
(c) (d)
(e) (f)
Figure 5: The corresponding distributions of the number N of the required iterations for obtaining the Newton-Raphson basins of convergence,
shown in Fig. 4(a-f). (Color figure online).
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(a) (b)
(c) (d)
(e) (f)
Figure 6: The corresponding probability distributions of required number of iterations for obtaining the Newton-Raphson basins of convergence,
shown in Fig. 4(a-f). The vertical, dashed, red line indicates, in each case, the most probable number N∗ of iterations. (Color figure online).
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inside this strip are attracted by. This chaotic strip is con-
verted into a well shaped domain of basins of convergence,
as the value of the parameter e grows.
The corresponding distributions of the number N of the re-
quired iterations to obtain the predefined accuracy is given
in Fig. 5(a-f). It can be observed that the initial condi-
tions inside the attracting domains converge relatively fast
(N < 25), whereas the initial conditions located in the
fractal regions are the slowest converging nodes. In Fig.
6(a-f), the corresponding probability distributions are il-
lustrated. It is observed that with increasing value of the
parameter e, the most probable number N of iterations
decreases from 8 (in panel: a-c) to 6 (in panel: d-f).
3.3. Case III: when eleven libration points exist
This subsection is devoted to the case when e ∈ (−0.19526,
−0.173395), where eleven libration points exist: five on
the x−axis (L1,2,4,6,7) in which L4 is the central libra-
tion point, two on y−axis (L8,9) and four on (x, y) plane
(L10,11,12,13). The evolution of the basins of convergence,
using Newton-Raphson iterative scheme, for three values
of parameter e are illustrated in Fig. 7(a, d, g).
The following observations are made for increasing value
of the parameter e on the configuration (x, y) plane:
• Four lobes corresponding to the libration points on
configuration (x, y) plane are present in central as
well as in middle region, which look symmetrical
with respect to both axes.
• Two hourglass shaped regions, associated with the
libration points L1,7 (grey and cyan colour respec-
tively), emerge and shrink with increasing value of
parameter e.
• Two thin figure-eight shaped tentacles elongated to
the y−axis, originate from zenith and nadir of the
middle region and lie at the y−axis with the increase
in the value of parameter e. Moreover, these ten-
tacles are composed of a chaotic mixture of initial
conditions.
• The extent of the basins of convergence, correspond-
ing to the central libration point, is always infinite
while for all the other libration points, the domain
of the basins of convergence is finite.
In Fig. 7 (b, e, h), the corresponding distributions of the
number N of required iterations to obtain the predefined
accuracy are depicted. One can notice that almost every
initial condition on the configuration plane converges for
N < 20 except for those points which lie on the boundaries
of the basins of convergence, i.e., the rate of convergence is
much slower for those points. From Fig. 7 (c, f, i), we may
argue that the most probable number N∗ is not constant
for each panel and it increases with increasing value of the
parameter e.
3.4. Case IV: when thirteen libration points exist
The following subsection deals with the case where thir-
teen libration points exist for e ∈ (−0.46671, −0, 457853)
(case-i): L4 central libration point, L1,2,6,7 on x−axis,
L3,5,8,9 on y−axis and L10,11,12,13 on (x, y) plane while
for e ∈ (−0.173395, 0) (case-ii): L4 central libration point,
L1,2,3,5,6,7 on x−axis, L8,9 on y−axis and L10,11,12,13 on
(x, y) plane. In Fig. 8(a-f), the Newton-Raphson basins of
convergence are illustrated for six values of the parameter
e. The topology of the configuration (x, y) plane changes
in a drastic manner, as the value of the parameter e de-
creases.
When the parameter e is very close to 0, there exist
eight libration points in two sets of four originating in the
vicinity of each of the primaries. The basins of conver-
gence associated with the libration points shown in panel-
a, resemble with that of the classical restricted three-body
problem. Two exotic bugs, with many legs and anten-
nas, shown in yellow and cyan color correspond to libra-
tion points L1,7 respectively. Moreover, the butterfly wing
shaped domains of convergence associated with the libra-
tion points L8,9 shown in purple and crimson color exist.
The most notable change due to existence of eight extra
libration points in the presence of a negative value of the
parameter is the following four lobe appear, correspond-
ing to non collinear libration points (L10,11,12,13) in the
vicinity of the primaries as well as at the back of both the
exotic bugs. Let us denote the region at the back of exotic
bugs corresponding to the libration points L1 (yellow) and
L7 (cyan) by R1 and R7 respectively.
As the value of parameter e decreases, the legs and anten-
nas of the exotic bugs shaped region decrease continuously
and they are converted to a chaotic region composed of a
mixture of initial conditions. This is why, the regions R1
and R7 increase. In these regions, the lobes corresponding
to L10,11 (in R1) and L12,13 (in R7) also increase. More-
over, the basins of convergence corresponding to the li-
bration points L3 (gray colour in R1) and L5 (red colour
in R7) increase rapidly with the decrease in e. Finally,
most of the regions of the basins of convergence are cov-
ered by finite domains of convergence corresponding to the
libration points L3,5 (see panel-f). The basins boundaries
inside these regions are highly fractal.
The most important changes for decreasing value of
parameter e can be listed as follows:
• The domain of the basins of convergence correspond-
ing to libration points L1,7,8,9 decrease.
• The domain of the basins of convergence correspond-
ing to libration points L3,5,10,...,13 increase.
• The extent of the basins of convergence associated
with the central libration point L4 is infinite whereas
for other libration points, it is finite in all the cases.
Moreover, the area of the basins of convergence cor-
responding to L4 inside central region decreases con-
tinuously.
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(a) (b) (c)
(d) (e) (f)
(g) (h) (i)
Figure 7: The Newton-Raphson basins of attraction on the (x, y) plane for the case when eleven libration points exist for: (a) e = −0.1947;
(d) e = −0.1795; (g) e = −0.1743. The color code denoting the attractors is as follows: L4 (green); L8 (purple); L9 (crimson); L10 (teal); L11
(magenta); L12 (orange); L13 (light green) and non-converging points (white). (b, e, h: the middle panels) The corresponding distribution of
the number N of required iterations for obtaining the attracting regions, (c, f, i: the right panels) the corresponding probability distributions
of required number of iterations for obtaining the Newton-Raphson basins of convergence, shown in panels-(a, d, g) respectively. The vertical,
dashed, red line indicates, in each case, the most probable number N∗ of iterations. The black dots show the position of the libration points.
(Color figure online).
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• The majority of the area of the regions R1,7 is cov-
ered by a domain of convergence associated to the
libration points L1,7 and a prominent part of these
regions is also covered by four lobes and the rest of
the area is composed of highly chaotic mixtures of
the initial conditions.
In Fig. 9(a-f), the distribution of the corresponding num-
ber N of iterations required for the predefined accuracy
is illustrated, using tones of blue. It is seen that initial
conditions falling inside the attracting regions converge
relatively fast (N < 10), where as the slowest converg-
ing points (N > 30) are those which lie in the vicinity of
the basin boundaries. Figure 10(a-f) deals with the corre-
sponding probability distributions of the iterations. The
red dashed line is corresponding to the most probable num-
ber N∗ of iterations, which remains unchanged and equal
to 7 throughout this region of values of parameter e.
Figure 11(a,d) corresponds to the case-(ii), and we ob-
serve drastic changes in the domain of the basins of conver-
gence for decreasing value of parameter e. In this case also
the basin of convergence corresponding to central libration
point L4 has infinite extent, whereas the extent of all the
other basins of attraction are finite. Observing carefully at
the color coded diagram, we realize that the domain of the
basins of convergence corresponding to libration points L1
and L7 looks like exotic bugs with many legs and many
antennas, whereas the shape of the domain of convergence
associated with the remaining libration points, except the
central libration point L4, seems like butterfly wings which
remain unperturbed. The most notable changes corre-
sponding to regions R1 and R7 are: most of the area of the
regions R1,7 occupied by well formed finite tadpole shaped
region (panel-a) corresponding to libration points L10,...,13,
which is converted to exotic bugs shaped region (combina-
tion of three well shaped region) with many legs and anten-
nas. Moreover, these regions are filled with highly chaotic
mixture of initial conditions, except those bugs shaped re-
gion, therefore it is next to impossible for an initial condi-
tion (x0, y0) falling inside the chaotic fractal area, its final
state (attractor) is highly sensitive. In panels-(b, e), the
distribution of the corresponding number N of iterations,
required to obtain the predefined accuracy in our computa-
tions is illustrated. We may observe that the distribution
of required iterations, corresponding to libration points in
the regions R1,7 is very abuzz. Moreover, it is almost im-
possible to estimate the required number of iterations for
all initial conditions falling inside the regions R1,7 to con-
verge to any of the attractor. This phenomenon is evident
from the panel-(f), where the corresponding probability
distribution of iterations is illustrated. It is clear that the
corresponding probability distribution extends slightly i.e.
up to N = 40 whereas in panel-(c) it was N = 30. The
most probable number N∗ of iteration remains six in both
the panels.
3.5. Case V: when five libration points exist
This subsection corresponds to the case e > 0, where
five libration points exist in two different classes of the
equilibria. These two classes are same as in the classical
case i.e. the pure gravitational one where the collinear
(L1, L4, L7) and the triangular (L8, L9) libration points
occur. In Fig. 12 (a), the basins of convergence associated
with the libration points are presented for e = 0.4. It
is observed that the basin for central libration point L4
has infinite extent while all the remaining libration points
have well formed and finite domains of convergence. In
addition, the two exotic bugs with many legs and antennas
still exist, corresponding to libration points L1,7 and for
other libration points the butterfly wings shaped region
occur. It is observed that the geometry of the basins of
convergence in the present case highly resembles to that
of the classical case (see [22]).
4. Discussion and conclusions
The present study has aspired to reveal the most in-
trinsic properties of the Copenhagen problem with a quasi-
homogeneous potential by exploring the basins of conver-
gence associated with the coplanar libration points of this
system. Using the multivariate version of the Newton-
Raphson iterative scheme, we unveiled the structure of the
basins of convergence on the configuration plane. In ad-
dition, the relations among the basins of convergence, the
corresponding distributions of the number of required it-
erations, and the probability distributions are illustrated.
The most important results of our study can be reca-
pitulated as follows:
• The parameter e has a significant influence on the
dynamical properties of the present system. When
e varies in the interval (−0.5, 0), it is observed that
the total number of the libration points changes in
a drastic manner as various points originated, while
several points collide with each other and disappear.
• The libration points on the (x, y) plane except on the
y−axis are unstable throughout the interval (−0.5, 0).
Only the libration points which lie on either x−axis
or y− axis are stable for specific intervals.
• The two-dimensional planes are covered by a compli-
cated mixture of attracting domains composed of ini-
tial conditions with highly fractal basins boundaries.
In the neighbourhood of the basins boundaries, it is
next to impossible to predict the final state of an
initial condition since the degree of fractality is very
eminent.
• In all the examined cases, the domain of convergence
corresponding to the central libration point L4 has
infinite extent. In addition, the areas of the basins
of convergence corresponding to the remaining libra-
tion points are finite.
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Figure 8: The Newton-Raphson basins of attraction on the xy-plane for the case when thirteen libration points exist for: (a) e = −0.05;
(b) e = −0.1; (c) e = −0.125; (d) e = −0.165 ; (e) e = −0.171; (f) e = −0.1731. The color code denoting the attractors is as follows: L1
(yellow); L2 (Darker blue); L3 (gray); L4 (green); L5 (red); L6 (blue); L7 (cyan); L8 (purple); L9 (crimson); L10 (teal); L11 (magenta);
L12 (orange); L13 (light green) and non-converging points (white). The black dots show the position of the libration points.
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Figure 9: The corresponding distributions of number N of the required iterations for obtaining the Newton-Raphson basins of convergence,
shown in Fig. 8(a-f). (Color figure online).
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(a) (b)
(c) (d)
(e) (f)
Figure 10: The corresponding probability distributions of required number of iterations for obtaining the Newton-Raphson basins of conver-
gence, shown in Fig. 8(a-f). The vertical, dashed, red line indicates, in each case, the most probable number N∗ of iterations. (Color figure
online).
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Figure 11: The Newton-Raphson basins of attraction on the xy-plane for the case when thirteen libration points exist for: (a) e = −0.457853;
(d) e = −0.466. The color code denoting the attractors is as follows:L1 (yellow); L2 (Darker blue); L3 (gray); L4 (green); L5 (red); L6 (blue);
L7 (cyan); L8 (purple); L9 (crimson); L10 (teal); L11 (magenta); L12 (orange); L13 (light green) and non-converging points (white). (b, e:
the middle panels) The corresponding distribution of the number N of required iterations for obtaining the attracting regions, (c, f: the right
panels) the corresponding probability distributions of required number of iterations for obtaining the Newton-Raphson basins of convergence,
shown in panels (a, d) respectively. The vertical, dashed, red line indicates, in each case, the most probable number N∗ of iterations. The
black dots show the position of the libration points. (colour figure online).
(a) (b) (c)
Figure 12: The Newton-Raphson basins of attraction on the (x, y) plane for the case when five libration points exist for: (a) e = 0.4. The
color code denoting the attractors is as in previous figures. (b: the middle panel) The corresponding distribution of the number N of required
iterations for obtaining the attracting regions, (c: the right panel) the corresponding probability distributions of required number of iterations
for obtaining the Newton-Raphson basins of convergence, shown in panel (a). The vertical, dashed, red line indicates the most probable
number N∗ of iterations.
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• When e > 0 the number of the libration points as
well as the basins of convergence, associated with
them, almost resemble with those of the classical case
where the classical Newtonian gravitation is consid-
ered.
For all the calculation and the graphical illustration pre-
sented in the paper we used the latest version 11 of Mathematicar.
We believe that the present study and the obtained results
may be useful in the field of basins of convergence in dy-
namical systems. In future, it is worth studying some dif-
ferent types of iterative formulae other than the Newton-
Raphson iterative scheme in order to reveal the similari-
ties as well as the differences, regarding the domains of the
basin of convergence in the Copenhagen problem with a
quasi homogeneous potential.
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